The motion of cells, within the extracellular liquid, is induced by a chemical attractant. Here the cell population, the attractant, and the liquid are modelled within continuum mechanics as a mixture of three constituents. The active character of the cells is expressed by a body force proportional to the gradient of the attractant density. The balance equations of mass and linear momentum are developed and the density of cell population is shown to satisfy a hyperbolic equation. The characteristic features of previous models of chemotaxis are also investigated and evidence is given to the assumptions that lead to parabolic equations.
Introduction.
Chemotaxis denotes the motion of biological cells (bacteria) induced by chemical gradients. Owing to the critical role in many biological phenomena, chemotaxis has attracted deep interest in connection with the modelling of cell motility. The cells are often regarded as self-propelled or active particles, which means that they can transform their internal energy into energy of motion. The rather unknown mechanism, performed by cells to migrate in response to external signals [1] [2] [3] [4] [5] , gives reason of the number of methods and approaches developed in the literature. The papers [6] [7] [8] [9] and refs therein provide an extensive view on the mathematical modelling of chemotaxis. Despite the wide literature on the subject, many problems are still of interest and they are connected with the framework where the modelling is developed. Biological properties are better described if a sound physical model underlies the governing equations. With this view, here we model the evolution of cells, the chemoattractant and the extracellular liquid, within continuum physics, as the mixture of three constituents. Also, we account for the cells as a self-propelled constituent acted upon by a driving force directed toward the chemoattractant.
The best-known model of chemotaxis is that based on the Patlak-KellerSegel-Alt (PKSA) equations [10] [11] [12] . If chemoattractant is produced by cells then PKSA equations read (1) ∂ t ρ c = D∆ρ c − ∇ · (χρ c ∇γ a ) + g c (ρ c , γ a ),
where ρ c is the mass density of cells, γ a is the concentration of chemoattractant, D is the diffusion coefficient of cells, χ models the strength of chemotaxis, D a is the diffusion coefficient of chemoattractant, g c is the production rate of cells and g a is the production rate of chemoattractant by cells or by the extracellular liquid. Equations (1)-(2) are parabolic and are based on the view that the motion of cell colonies is affected by diffusion, induced by competition, and chemical attraction.
In essence, Equations (1)-(2) account for the cells and the chemoattractant but disregard the extracellular liquid and the interaction with the cells and the chemoattractant. Quite obviously, the liquid has to play an essential role in describing (non-local) chemotaxis through the propagation of an appropriate signal. To our mind such a role has to emerge from the analysis of the dynamics of cells, chemoattractant and the liquid. Establishing such a model is the purpose of this work and we will find that chemotaxis is more naturally described by a hyperbolic system of equations. The peculiar features of previous works on the modelling of chemotaxis are also investigated and evidence is given to the assumptions that make the corresponding models be parabolic.
Hyperbolic models and Cattaneo's law for chemotaxis.
Hyperbolic models provide the propagation of (initial, boundary) data with a finite speed. Instead, parabolic models, as with the classical models of heat conduction and diffusion, result in a behaviour that is phrased by saying that propagation occurs instantaneously everywhere that is at infinite speed. A number of papers provide hyperbolic models, mainly for heat conduction, that are based on Cattaneo's law.
Consider functions of t ∈ R and x ∈ Ω, Ω being a regular region in R 3 . Also, let ∇ denote the gradient operator (with respect to x). The best known heat conduction model of hyperbolic type traces back to Cattaneo [13] and consists of the energy balance equation
and of the Cattaneo law
where e is the internal energy given by a function of the (absolute) temperature θ while q is the heat flux vector. The Fourier model of heat conduction is recovered by letting T = 0. Really, Equation (3) was first obtained by Maxwell [14] who however neglected the new term T ∂ t q in that he was looking for stationary fields. Hyperbolic models of heat conductions are the subject of a huge literature -see, e.g. [15] and references therein.
Hadeler [16] observed that the Cattaneo model is also appropriate for modelling biological populations. Next Hillen [17] and Dolak and Hillen [18] assume that the particle density u and the particle flux q satisfy the system
g denoting the rate of change of the population. The advantage of the hyperbolicity of the model was that the undesired infinite speed of propagation is ruled out. To avoid the non-physical diffusion of the population, another scheme has been developed which results in a finite speed of propagation and is based on a nonlinear flux-limited flux [19, 20] . In essence, in the notation of (2), the standard driving force ∇γ a is replaced by
c 0 being a positive constant, so that the divergence gives ∆γ a or |∇γ a | according as |∇γ a | → 0 or → ∞. The idea of replacing the diffusion effects with a purely hyperbolic model for the cells, while keeping the parabolic process for the chemoattractant, is developed in [21] .
While these approaches show the interest of hyperbolic models also for chemotaxis, it is natural to ask whether hyperbolicity may arise as a result of a derivation through a consistent application of physical laws. Here we derive the result of the dynamic equations for chemotaxis within the continuum theory of mixtures.
Balance equations.
Henceforth we let the subscripts c, l, and a label the quantities pertaining to cells, extracellular liquid, and attractant. Let ρ α and v α be the mass density and the velocity of the constituent α, where α stands for c, l, a. The pertinent fields φ α are functions of t, x, with t ∈ R, x ∈ Ω ⊂ R 3 . A backward prime affixed to a symbol with subscript α denotes the time derivative relative to the observer at rest with the αth constituent, e.g.
To account for production of chemoattractant by degradation of cells, cell proliferation, and degradation of the extracellular liquid we let the mass of the single constituents change in time as with a chemical reaction.
To establish the balance equations we follow the mixture theory of continuum mechanics (see [22] , Chapter 5, and [23] ). The continuity equations are considered in the form
where τ α is the mass production, per unit volume and time, of the αth constituent. The conservation of mass for the whole mixture requires that
Let ρ be the mass density of the mixture,
and
the corresponding concentrations. Let V be the baricentric velocity,
the αth mass flux. Henceforth a superposed dot denotes the baricentric time derivative,˙= ∂ t + V · ∇. It follows from (4) that
The balance of linear momentum can be written in the form
where T α is the partial stress, f α is the body force, and m α is the interaction force so that
The force f α may account for external actions. We assume that f α is nonzero only for the cell population and describes the chemotactic effect, as is the case, e.g., in [24] . It simply means that, if the cells are moving toward the attractant, they move with an additional acceleration f c /ρ c . The simplest model consists then in the assumption
χ being a positive valued function.
A model of the diffusive force.
The essential difference between the balance of linear momentum for a mixture, Equation (9) , and that for a single body is the occurrence of
often named the diffusive force [25] but also the interaction force [26] . By (10) we have
If v is any velocity andṽ
By (11) we have
In addition,p α is required to be objective in that, by (9) , is the interaction force as seen by an observer that follows the motion of the αth constituent. Hence for any admissible model,p α is required to be objective and to satisfy (12) .
Since the diffusive force is likely to be produced by the velocity differences we letp
The requirement (12) is satisfied if and only if
The diffusive force is then given bŷ
It is reasonable to assume that M αβ increases with ρ α and ρ β and is smaller and smaller if ρ α or ρ β approaches zero. For non-reacting mixtures, τ α = 0, the form of the diffusive force reduces to that adopted, e.g., in [24] .
Differential equations.
Equations (4) and (9) are a coupled system of differential equations. We can regard them as a system in the unknown functions {ρ α (t, x)}, {v α (t, x)} if the remaining terms are determined by (constitutive) assumptions. A reasonable, simple scheme is provided as follows.
First we restrict attention to α = c and hence to the equations for the cell population. Let v = v l so that
Also, we assume ρ a << ρ l and hence neglect the contribution of M ca relative to that of M cl . We then let
Accordingly, the diffusive force consists of two terms and the result is that of a friction effect,
ξ being the effective friction coefficient. We regard T c as a pressure tensor,
thus neglecting, e.g., viscosity effects. The pressure p c is a given function of the density ρ c and the absolute temperature, θ,
The temperature θ(t, x) and the density ρ a (t, x) are assumed to be known functions. Finally, we let τ c = τ c (ρ c , θ).
Equations (4) and (9), as α = c, reduce to
Equations (15)- (16) are a first-order system in the unknown functions ρ c (t, x), v c (t, x), once v l (t, x) is regarded as known. A stationary solution
We now look for the linear approximation of the solution induced by a nonuniform attractant, ∇ρ a = 0, and a nonuniform temperature, ∇θ = 0. Let
Hence to within the linear term (in c and ϑ) we have
We now keep only linear terms in c , v c and their derivatives. By (15) and (16) it follows that c and v c satisfy the (linearized) system (17)
where ∂ ρc τ c , ∂ θ τ c , ∂ ρc p c , ∂ θ p c , ξ, and χ are evaluated at ρ c , θ. We only require that ∂ ρc p c > 0, that is pressure increases with density, at constant temperature.
Apply the time derivative ∂ t to (17) and the divergence ∇· to (18) . Substitution of
and the corresponding ∇ · v c from (17) yields
Equation (19) is a generalization of known models in that the effects of a nonuniform temperature, ϑ, and the cell proliferation (or degradation), τ c , occur explicitly. It has the form of a inhomogeneous telegraph-type equation. Similarly to acoustics, Equation (19) shows that the perturbation c propagates at the speed σ = ∂ ρc p c . The term (ξ/ρ c − ∂ ρc τ c )∂ t c plays the role of the friction term. It is the result of the mass production, τ c , and the interaction with the liquid, ξ. The right-hand side is the source of the space-time variation of c . It contains the effect of the attractant density, ρ a , that of the temperature ϑ, and that of the liquid through (ξ/ρ c )∇ · v l .
Some approximations look reasonable. The liquid may be regarded as incompressible thus implying that ∇ · v l = 0. The temperature and the whole cell population are constant,
Hence Equation (19) simplifies to the inhomogeneous wave equation
For definiteness, the pressure p c may be taken as given by the ideal-gas law
where λ c is the Boltzmann constant divided by the mass of a cell. The ideal-gas law assumption is often made for the the solute pressure in dilute solutions [27] . As a consequence of (21), Equation (20) becomes
which means that the perturbation c propagates with the speed σ = √ λ c θ. This allows us to say that the speed of the cell population is influenced by the temperature through the law √ θ. Of course, more involved dependences σ(θ) arise by means of appropriate functions p c (ρ c , θ).
Equations (19) and (20) are the main result of this paper. They show that the cell population density c satisfies a hyperbolic equation and this follows merely as a consequence of the balance equations (mass and linear momentum) of a mixture of fluids, the cell population being one of the constituents. No ad hoc assumption is needed such as Cattaneo's law for any suitably identified flux q.
Assuming that M ca = 0 and p c = p c (ρ c , θ) is reasonable and proves convenient for simplifying the model. Yet it is not crucial for the hyperbolic character of (19) and (20) . Instead, still within the framework of balance equations, we now show how parabolic equations of the type (1) follow as a consequence of other approximations. Indeed, parabolic equations follow because of an ad-hoc assumption on the mass flux or by neglecting inertial terms.
Equations from models of two-component fluid mixtures.
A close analogy with the colloidal transport holds because particles immersed in a fluid can be driven by gradients of concentration. Moreover, colloidal objects can self-propel in that swimming in a fluid is driven by selfgenerated electric-dipole fields acting at the fluid-particle interface [28] .
Here we refer to [27, 29] where a solvent-solute mixture is considered, the solute representing dispersed particles. A conceptually similar scheme is applied in [30] within a volume averaging procedure in porous media. The common view of these approaches, which traces back to Keller and Segel [11] , is that the (total) mass flux of cells immersed in a fluid can be expressed as the sum of three fluxes: diffusive, chemotactic, and convective. We now see how such fluxes are made precise and then examine the consequences on the differential equation for the cell population.
To establish a close connection, we identify the solute with the cell population and the solvent with the extracellular liquid. In [27, 29] the conservation of mass of the solute (cells) is written as
where n c is the number density of the cell population, n c = ρ c /m c , m c being the mass of a cell. Also in view of (4), Equation (22) holds with J c = n c v c . Instead, J c is specified through constitutive equations which are reminiscent of the rule of three fluxes.
In [27] (23)
V being the velocity of the mixture. Now, by (6), since
This means that the diffusive flux n c u c is assumed to be the sum of two effects, that produced by Fick's law, −D∇n c , and that due to the body force, Dn c f c /kθ. Further, we may view n c V as the convective flux, −D∇n c as the diffusive flux and Dn c f c /kθ as the chemotactic flux. A similar scheme is applied in [29] where Dn c f c /kθ is replaced by a pressure term −κ∇P .
In [30] the mass balance, Equation (16) , involves the concentrations instead of the mass densities or the number densities. Since γ α = ρ α /ρ then the use of γ α , instead of ρ α or n α , is equivalent if ρ is constant. Such is the case if the mixture is incompressible, say ∇ · V = 0. Incompressibility of the mixture, however, holds only if the constituents are incompressible and have the same mass density, which is a very strong assumption. Anyway, the mass balance for cells, (16) of [30] , reads (24) ∂
the chemotactic velocity v ch being assumed to be collinear to ∇γ a (see (5) of [30] ). Since, if ρ is a constant, we can write the conservation of mass in the form
Hence (24) amounts to assuming that
Again we can regard γ c V, −D∇γ c , and γ c v ch as the three fluxes. So, apart from formal differences, the scheme (22)- (23) applies to [27, 29, 30] and a number of papers on the subject.
Consistent with [30] let
Dn c f c /kθ = h(n c , |∇γ a |)∇γ a , γ a being the concentration of the attractant. By (22)- (23) we have
If ∇ · V = 0, as in Equation (3.6) of [27] , then
The left-hand side of (25) is the time derivative relative to an observer moving with the baricentric velocity V. For this observer Equation (25) takes the form of (1), with no mass production.
7. An approximation of the momentum balance.
The literature shows also another approach that is based on the balance equations of mass and linear momentum (see, e.g., [24, [31] [32] [33] ). Look at the balance equations (4) and (9) for the cell population. Hence appeal is made to the fact that in microvessels the fluid flows at a low Reynolds number and then the inertial terms in the balance of linear momentum are negligible a . If we follow this approximation then the balance equations for the cell population become
to avoid the difficulty of a coupled system for the cell-liquid mixture, we regard v l and ρ a as known functions. In addition we let T c = −p c (ρ c , θ)1.
As a consequence we have
The linear approximation, as is done in Section 5, gives
The neglect of inertia is also customary in modelling self-propelled crawlers [34] .
∂ ρc τ c , ∂ θ τ c , ξ, ∂ ρc p c , ∂ θ p c , χ being evaluated at ρ c . Evaluation of ∇ · v c and substitution give (26)
Equation (26) is consistent with the PKSA equation (1), where the dependence on θ and v l is not considered, and allows us to identify the diffusivity,
The interaction with the liquid through ξ(v l − v c ) and the dependence on the temperature of p c and τ c imply the occurrence of the terms −ρ c ∇ · v l and (ρ c /ξ)(∂ θ p c )∆ϑ + (∂ θ τ c )ϑ in (26).
Conclusions.
This paper investigates the modelling of chemotaxis within the framework of continuum mechanics. Indeed, the cell population, the extracellular liquid and the chemical attractant are viewed as the constituents of a fluid mixture. The governing equations are provided by the balance of mass and linear momentum. The advantage of a mixture model, versus a particle based model, is that the modelling of forces on and between the constituents is naturally suggested by the general theory. In particular, the chemotactic effect is modelled by a body force on the cells.
Cell proliferation and degradation are allowed by the mass growth τ c . By assuming that the stress tensor T c be a pressure tensor, −p c (ρ c , θ)1, we show that the cell population density ρ c satisfies the hyperbolic equation (19) .This is the main result of the paper and is merely the outcome of a direct application of the balance equations without any recourse to ad-hoc constitutive assumption like the Cattaneo law (3).
A number of papers providing parabolic models of chemotaxis can be divided in two categories. Section 6 illustrates how a parabolic equation arises by following the view that the mass flux J c is not merely ρ c v c , as it is, but has to be determined by a constitutive equation and this is realized with the rule of the three fluxes (diffusive, chemotactic, and convective). Hence a parabolic equation follows like, e.g., (25) . Section 7, instead, shows that neglecting the inertial term in the balance of linear momentum produces a parabolic equation like (26) . Perhaps this second category provides a better view of the extent of the validity of the PKSA model.
As a final remark, we point out that constitutive properties of the mass fluxes J α and the possibly-viscous stress tensors T α have been established
